At order α 4 s in perturbative quantum chromodynamics, even-integer ζ-function values are present in Euclidean physical correlation functions like the scalar quark correlation function or the scalar gluonium correlator. We demonstrate that these contributions cancel when the perturbative expansion is expressed in terms of the so-called C-scheme couplingαs which has recently been introduced in Ref. [1] . It is furthermore conjectured that a ζ4 term should arise in the Adler function at order α 5 s in the MS-scheme, and that this term is expected to disappear in the C-scheme as well.
INTRODUCTION
In the past, it has been noted several times that eveninteger values of the Riemann ζ-function are absent in the perturbative expansion of some Euclidean physical quantities in quantum chromodynamics (QCD). One prominent example is the Adler function up to order α 4 s [2] , and explanations for this behaviour were provided in the literature [3] [4] [5] . However, the regularity for example fails in the scalar quark correlation function [6] and the scalar gluonium correlator [7] , both also being analytically available up to order α 4 s in the MS-scheme [8] . In Ref. [1] , together with D. Boito, we introduced a novel definition of the QCD coupling,α s , which reflects the simple scheme-transformation properties of the Λ-parameter, such that the scheme dependence of the couplingα s could be parametrised by a single parameter C. Hence,α s was named the "C-scheme" coupling. It was furthermore found that the corresponding β-function is then scheme independent, only depending on the first two β-coefficients β 1 and β 2 in a way that has already been studied previously in a different context [9] .
In this work, we shall demonstrate that both, the Euclidean physical scalar correlation function, as well as the scalar gluonium correlator, up to order α 4 s are free of even-integer ζ-function values when they are appropriately expressed in terms of the C-scheme coupling. We will also give additional arguments, why even-integer ζ-function values have not yet appeared in the Adler function, but we conjecture that a ζ 4 ≡ ζ(4) term should appear at order α 5 s in the MS-scheme. We furthermore conjecture that it should again cancel when the Adler function is expressed inα s and that the same might hold true for all Euclidean physical quantities in QCD, possibly even for those in quantum field theory in general.
Our article is organised as follows: to begin we collect the required relations for the C-scheme coupling. Then we briefly discuss the Adler function and argue why a ζ 4 term is only expected at order α 5 s . The scalar quark and gluonium correlators are presented in more detail and it is demonstrated how even-integer ζ-function values cancel after rewriting them in the C-scheme couplingα s .
THE C-SCHEME COUPLING The C-scheme couplingâ Q ≡α s (Q)/π has been introduced in Ref. [1] , and is defined by the relation
where C is a free parameter,
and both, the QCD Λ parameter, and the coupling a Q on the right-hand side are in a conventional renormalisation scheme, like for example the MS scheme. The couplinĝ a Q was selected such as to mimic the simple schemetransformation properties of the Λ parameter. From Eq. (1) it is an easy matter to derive the corresponding β-function, which was found to only depend on the scheme-invariant coefficients β 1 = 11/2 − N f /3 and β 2 = 51/4 − 19/12 N f , N f the number of quark flavours:
Additionally, also C-evolution is governed by the same β-function. This implies that in theâ Q coupling, scale and scheme variation can be considered on an equal footing. Hence, transforming from a general scheme a Q toâ Q can be performed in two steps. From Eq. (1) at C = 0, definingā Q ≡â C=0 Q , one finds the relation
Then, in a second step, the C evolution can be employed to transform fromā Q to the general C-scheme coupling:
This summarises all required relations for the C-scheme couplingâ Q .
THE ADLER FUNCTION
The resummed perturbative Adler function D(Q 2 ), Q 2 > 0, which results from the Q 2 -derivative of the vector correlator, and is a physical, scale-and schemeindependent quantity, assumes the simple expression
The independent coefficients c n,1 are known analytically up to order α 4 s [2] . Further details regarding our notation and additional references can be found in Ref. [10] . For definiteness, but to keep the expressions simple, we will only quote results for N f = 3. At N c = 3 and in the MS-scheme, the c n,1 were found to be: where ζ n ≡ ζ(n). As is seen explicitly, up to order α 4 s , even in the MS-scheme, the c n,1 only contain the odd ζ-function values ζ 3 , ζ 5 and ζ 7 .
Next, we transform the Adler function into the Cscheme couplingā Q at C = 0. The corresponding expansion assumes the form
Employing Eq. (4), only the coefficientsc 3,1 andc 4,1 turn out different from the MS coefficients, and read: [11, 12] . However, below we shall demonstrate that the ζ 4 term in β 5 precisely cancels a corresponding term in the MS coefficients of scalar quark and gluonium correlators, such as to make the C-scheme coefficients independent of ζ 4 .
Therefore, we conjecture that the same should also happen for the Adler function: we suspect that the coefficient c 5,1 will contain a ζ 4 term which cancels against the corresponding term in β 5 once the Adler function is reexpressed in the C-scheme couplingâ Q . Under this assumption, we can predict the component of c 5,1 which is proportional to ζ 4 . At N c = 3, but for arbitrary number of quark flavours N f , it is found to be (10)
THE SCALAR QUARK CORRELATOR
In the case of the scalar quark correlator, the Euclidean physical quantity is given by the second derivative of the correlation function Ψ(Q 2 ). Its definition and further details can be found in Ref. [13] . Furthermore, the scalar current has an anomalous dimension which is inverse to that of the quark mass. Hence, a scale-and schemeinvariant correlator can be obtained by multiplying with two powers of a generic quark mass m Q ≡ m(Q). The physical scalar correlator then takes the form
where both, the running quark mass, as well as the running QCD coupling are to be evaluated at the renormalisation scale Q. At N f = N c = 3, the perturbative coefficients d It
For the ensuing discussion it will be essential to remove the running effects of the quark mass from the remaining perturbative series. This can be achieved by rewriting the running mass m Q in terms of an invariant quark massm which is defined through the relation
where γ m (a) is the quark-mass anomalous dimension and γ (1) m its first coefficient. Accordingly, we define a modified perturbative expansion with new coefficients r n ,
which now contain contributions from the exponential factor in eq. (13) . The order α 4 s coefficient r 4 depends on β-function coefficients as well as quark-mass anomalous dimensions up to five-loops [14] . Let us remark that the ζ 4 term that is present in d As the last step, similarly to the Adler function, we reexpress the QCD coupling in terms ofᾱ s . The perturbative expansion of Ψ ′′ then assumes the form As has already been pointed out above, now even the ζ 4 term remaining in r 4 got cancelled by a corresponding contribution in β 5 , originating from the globalᾱ s prefactor, such that only odd-integer ζ-function contributions persist. Even though we have just provided results for N f = 3, we have convinced ourselves that the cancellation of even ζ values does in fact take place for an arbitrary number of flavours and a general gauge group. Furthermore, since the transformation (5) only contains the β-function coefficients β 1 and β 2 which are rational, the absence of even ζ values also remains true for a general C-scheme couplingα s . It is hence a scheme-independent statement.
THE SCALAR GLUONIUM CORRELATOR
A basic two-point correlation function that is relevant for the study of scalar gluonium can be defined as
where the gluonic current is represented by
is the QCD field-strength tensor.
In order to be able to define a physical quantity, one should work with a renormalisation group invariant current. In the chiral limit, where the operator J G (x) does not mix with mq(x) q(x) or m 4 , such a current can be chosen to bê
In analogy to Π G 2 (q 2 ), we can then define the two-point correlator for the currentĴ G (x), which expressed in terms of Π G 2 (q 2 ) takes the form (Q 2 = −q 2 ):
A Euclidean physical quantity in analogy to the Adler function can be obtained by taking three derivatives of Π G 2 (Q 2 ), leading to the definition
The corresponding perturbative expansion then takes the following general form [15] :
Up to order α 4 s , the coefficients g n can be extracted from the results provided in Ref. [7] . Again at N f = N c = 3, they are obtained as follows: As anticipated above, the coefficient g 4 in the MS scheme contains a ζ 4 term. Like for the scalar correlator, this is due to the anomalous dimension of the scalar gluonium current, which leads to the global factor α 2 s , multiplying the correlator. As an aside, we also remark that the leading-N f contributions are in agreement with the large-N f results derived in Ref. [15] .
As in the two examples above, we conclude by rewriting the perturbative series in terms of the C-scheme couplingā Q :
For this expansion, the coefficientsḡ n are found to be: 
CONCLUSIONS
In this work, we have demonstrated that the Euclidean physical correlation functions corresponding to the scalar quark and scalar gluonium correlator do not contain even-integer ζ-function values in their perturbative coefficients up to the presently analytically available order α 4 s when the perturbative expansion is performed in terms of the C-scheme couplingα s [1] . We have shown this explicitly for the couplingᾱ s at C = 0, but the statement remains true for an arbitrary C since the relation (5) only contains β 1 and β 2 which are rational numbers.
In the case of the Adler function, even the perturbative coefficients in the MS scheme up to order α 4 s do not contain even-integer ζ-function values. This is related to the fact that the vector current has no anomalous dimension, and hence no prefactor depending on α s arises. It is conjectured, that a ζ 4 term will appear in the order α 5 s coefficient c 5,1 . Assuming that this term is again cancelled in the C-scheme by a corresponding term in the β-function coefficient β 5 , we predict the respective component c To our knowledge, at this moment, the cancellation of even-integer ζ-function values for perturbative expansions of Euclidean physical correlators in the C-scheme couplingα s can only be checked for the scalar quark and scalar gluonium correlation functions, as only these functions are available up to the required order α 4 s . Nonetheless, we conjecture that the same cancellation should also take place for other quantities. It will be exciting to see if this claim is indeed confirmed in the future.
As a last remark, we note that compared to the Adler function coefficients, the ones for scalar quark and gluonium correlators are substantially larger. Already in Ref. [13] , we showed how the C-scheme coupling can be employed in order to improve the expansion for the scalar quark correlator. In future work, we plan to also return to this question for the scalar gluonium correlator and furthermore intend to demonstrate how the C-scheme couplingα s can be utilised for constructing models for the Borel transforms of the investigated correlators, along the lines of Ref. [10] . 
NOTE ADDED IN PROOF
Meanwhile, the cancellation of even-integer ζ-function values has been demonstrated for a substantial number of additional quantities by Davies and Vogt in Ref. [16] , as well as by Chetyrkin in unpublished work (see footnote 2 in Ref. [17] ).
